This article presents a number of models that arise in physics, biology, chemistry, etc., described by a one-dimensional reaction-diffusion equation. The local dynamics of such models for various values of the parameters is described by a rough transformation of the circle. Accordingly, the control of such dynamics reduces to the consideration of a continuous family of maps of the circle. In this connection, the question of the possibility of joining two maps of the circle by an arc without bifurcation points naturally arises. In this paper it is shown that any orientation-preserving source-sink diffeomorphism on a circle is joined by such an arc. Note that such a result is not true for multidimensional spheres.
Introduction
A wide range of models emerging in physics, biology, chemistry, etc. is described by the onedimensional reaction-diffusion equation. The corresponding chain of connected maps (CCM) or discrete variants of this equation can be regarded as an infinite set of copies of the local dynamical system on the phase space R or its compactification S 1 . If the local dynamics exhibits hyperbolic behavior, then the dynamics of the entire CCM is completely determined by local dynamics with sufficiently small parameters (see, for example, [5] ).
So the Kolmogorov -Petrovsky -Piskunov (KPP) model of the development of useful genes is described by a local map f (u) = u + γu (1 − u) . For any γ ∈ (0, 1) the compactification map f is a Morse -Smale diffeomorphism of the circle S 1 with four fixed points (see [5, Theorem 5 
.1.1]).
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The Nagumo model of propagation of a voltage pulse through the neuron axon is described by a local map f (u) = u − Au(u − Θ)(u − 1). For all sufficiently small A the compactification map f is a Morse -Smale diffeomorphism of the circle S 1 with four fixed points (see [5, Theorem 5 
The real amplitude equation of waves generated by the wind is described by a local map f (u) = Au − bu 3 . If b > 0 and A ∈ (0, 1) ∪ 1, 3 2 , then the compactifying map f is the MorseSmale diffeomorphism of the circle S 1 with four fixed points at A ∈ 1, 3 2 and two fixed points at A ∈ (0, 1) (see [5, Theorem 5.3.1] ).
The control of the dynamics of the described models reduces to the consideration of a continuous family of maps of the circle. This raises the question of the possibility of joining two maps of the circle by an arc without bifurcation points. In this paper we show that such an arc joins any orientation-preserving source-sink diffeomorphisms on the circle. In more detail.
Let us consider the circle
We denote by Dif f (S 1 ) a set of diffeomorphisms on a given circle and by J(S 1 ) ⊂ Dif f (S 1 ) a set of orientation-preserving source-sink diffeomorphisms, i.e., diffeomorphisms whose nonwandering sets consist of two hyperbolic points: a source and a sink.
there is a smooth arc {f t ∈ J(S 1 )} joining them.
We note that the multidimensional reaction-diffusion equations reduce to a source-sink diffeomorphism on a multidimensional sphere for which the result of Theorem 1 is not true (see, for example, [2] ).
Supporting concepts and facts
Two diffeomorphisms f , f : S 1 → S 1 are smoothly isotopic if there is a smooth map F : S 1 × [0, 1] → S 1 (smooth isotopy) such that f t given by the formula f t (x) = f (x, t) is a diffeomorphism for each t ∈ [0, 1] and f 0 = f , f 1 = f . We say that the family {f t } is a smooth arc joining diffeomorphisms f and f . A support of the isotopy {f t } is the closure of the set
For the smooth arcs {f t } and {g t } such that f 1 = g 0 the usually product of the respective paths is not smooth in general, but we can define the smooth arc {h t } joining diffeomorphisms f 0 , g 1 as follows:
where
is a smooth monotone function such that τ (t) = 0 for 0 t 1 3 and τ (t) = 1 for 2 3 t 1. We will call the smooth arc {h t } a smooth product of the smooth arcs {f t } and {g t } and denote it by {h t } = {f t * g t }.
In the present paper we will work with the class J(S 1 ) ⊂ Dif f (S 1 ) of orientation-preserving source-sink diffeomorphisms, that is, diffeomorphisms whose nonwandering sets consist of precisely two hyperbolic points: a source and a sink. Also, we introduce a subclass NS(S 1 ) ⊂ J(S 1 ) for which the source is the North pole N (0, 1) and the sink is the South pole S(0, −1).
(the stereographic projections) by the formulas:
Define the diffeomorphisms ϑ
which are given by the formulas:
Through stereographic projections, diffeomorphisms from NS(S 1 ) are associated with the contractions on the line
and extensions on the line
We define model diffeomorphisms g :
It is easy to verify that
The construction of a smooth arc is a proof of Theorem 1
It is easy to prove Theorem 1 if f and f smoothly conjugate by a diffeomorphism h. In this case there is a smooth isotopy h t :
t f h t is a required arc. In the opposite case we show how to construct a smooth arc {l t ∈ J(S 1 )} joining an arbitrary diffeomorphism f ∈ J(S 1 ) with the model diffeomorphism g. Similarly, we construct a smooth arc {l t ∈ J(S 1 )} joining f and g. Then the smooth product of smooth arcs f t = l t * l 1−t is the required arc. The arc l t is a smooth product of tree smooth arcs β t , γ t , δ t (l t = β t * γ t * δ t ), whose construction is given in the corresponding sentences below. Thus,
Proof. Let f ∈ J(S 1 ). We denote by α the source and by ω the sink of the diffeomor-
be pairwise disjoint arcs of a circle containing α, ω (S, N ). According to [3] , there exists a smooth arc
t f H t is the desired isotopy joining the diffeomorphism f = β 0 with the diffeomorphism
Proposition 2. For any diffeomorphism β ∈ NS(S 1 ) there exists a smooth arc
If β + = g in some neighborhood of the origin O, then we define {γ
In the opposite case we show below how to construct a smooth arc {γ given by the formula
Let us construct a smooth arc {γ 
2) If Q = g, then we define {ξ
In the opposite case we define the arc τ Then the required arc is given by ξ
Proposition 3. For any diffeomorphism γ ∈ E g there is a smooth arc {δ t ∈ J(S 1 )} joining δ 0 = γ with δ 1 = g.
Proof.
Since γ ∈ E g , there are neighborhoods V γ (N ) and V γ (S) of the points N and S such that γ| Vγ (N )∪Vγ (S) = g| Vγ (N )∪Vγ (S) . We define a diffeomorphism ψ γ :
If ψ γ can be continued smoothly on S by the formula ψ γ (S) = S, then there exists a smooth isotopy ρ t : S 1 → S 1 , such that ρ 0 = ψ, ρ 1 = id. Thus, the arc δ t = ρ −1 t gρ t is the desired arc. In the opposite case we show that there exists a smooth arc {ζ t ∈ E g } joining the diffeomorphism ζ 0 = γ with some diffeomorphism ζ 1 , such that ψ ζ 1 can be continued smoothly on S 1 by the formula ψ ζ 1 (S) = S.
Let B r = {x ∈ R : |x| r} and K r = cl(B r \ B r 2 ) for r > 0. Let γ = ϑ + γϑ + −1 and
Then γ ∈ E g and, therefore, there is r 0 > 0 such that γ = g on B r 0 and the space K r 0 is a fundamental domain of the restriction of the diffeomorphism g (as well as the diffeomorphism γ) on R \ {O}. By construction, the orbit space C = (R \ {O})/g is a disjoint union of two circles C = C + ∪ C − . We denote by p : B r 0 \ {O} → C the natural projection.
Then the curves a + = p(Ox + ), a − = p(Ox − ) are generators of fundamental groups π 1 (C + ) and π 1 (C − ), respectively. Since ψ γ translates orbits of the diffeomorphism g into orbits of the diffeomorphism γ and K r 0 is a common fundamental area for g, γ on R \ {O}, it follows that ψ γ is designed for C ± by the diffeomorphism ψ γ ± = pψ γ p −1 : C ± → C ± . Moreover, the induced isomorphism
is the identity. Thus, the diffeomorphism ψ γ ± is smoothly isotopic to the identity map.
We choose an open covering U ± = {U ± 1 , . . . , U ± q } of the manifold C ± such that each connected component of the set p −1 (U 
